Abstract. The arithmetic nature of Euler's constant γ is still unknown and even getting good rational approximations to it is difficult. Recently, Aptekarev managed to find a third order linear recurrence with polynomial coefficients which admits two rational solutions a n and b n such that a n /b n converges subexponentially to γ, viewed as −Γ (1), where Γ is the usual Gamma function. Although this is not yet enough to prove that γ ∈ Q, it is a major step in this direction.
Introduction
The arithmetic nature of Euler's constant γ, defined as the limit of the sequence s n = n j=1 1/j − ln(n + 1), is still open. It is conjectured to be a transcendental number over Q but even its irrationality seems currently out of reach. A standard method for proving the irrationality of a classical constant α is to pull out of a hat or construct a sequence of rational approximations (a n /b n ) n≥0 such that a n , b n ∈ Z and 0 < |b n α − a n | → 0 as n → +∞. In fact, even getting a sequence of rationals a n /b n whose height does not grow too fast and which converges fast to γ is a difficult problem. It is easier to find averaging processes of the form n k=0 a k,n (γ − s k ) that converge geometrically to 0, for some well-chosen integral weights (a k,n ) 0≤k≤n which are usually products of binomial coefficients (see [9] ). But this does not help to study the arithmetic nature of γ.
For many classical constants, it turns out to be possible to construct "irrationality proving" rational approximations a n /b n that satisfy a special property: both 6116 TANGUY RIVOAL (a n ) n≥0 and (b n ) n≥0 are solutions of a linear recurrence of finite order with polynomial coefficients. For e, we can use the recurrence that generates its regular continued fraction, which was found by Euler. For ln (2) , ζ (2) , ζ (3) , the best-known order is 2, leading to continued fractions but not the regular ones; these are the recurrences found by Apéry; see [1, 4] . For π, the best-known order is 3 (see [10, 12] ).
For certain real algebraic numbers of Pisot type of degree d, it is possible to find approximations coming from a recurrence of order d, which generalises the recurrence of order 2 for real quadratic numbers coming from their continued fraction expansion. These approximations are constructed in [10, Sec. 6.1] , although the recurrence is not written explicitly. It is also possible to find linear recurrences that produce rational approximations that converge fast to Catalan's constant G (order 2, in [17, Sec. 9] ), ζ(4) (order 2, in [8] ) and ζ(5) (order 3, in [23] ), but unfortunately, not sufficiently fast to prove irrationality. Except conjecturally e and γ, all the above-mentioned numbers are periods in the sense of [13] .
Aptekarev's approximations of γ.
The existence of such a recurrence for γ was unknown until recently when Aptekarev and his collaborators (in a series of papers [6] ) found the third order recurrence (1.1) (16n − 15)(n + 1)u n+1 = (128n 3 + 40n 2 − 82n − 45)u n − n(256n 3 − 240n 2 + 64n − 7)u n−1 + (16n + 1)n(n − 1)u n−2 , whose solutions (p n ) n≥0 , (q n ) n≥0 with p 0 = 0, p 1 = 2, p 2 = 31/2 and q 0 = 1, q 1 = 3, q 2 = 25 are such that q n ∈ Z, d n p n ∈ Z (where d n = lcm(1, 2, . . . , n)) and
The exact asymptotic behaviors of both quantities in (1.2) are obtained in [6] via Birkhoff-Trjitzinsky's powerful theory of asymptotics of linear recurrences [7] . Unfortunately, the linear form q n γ − p n does not tend to 0 and this is a fortiori the case for d n (q n γ − p n ) ∈ Zγ + Z. Hence, Aptekarev's approximations are not good enough to imply the irrationality of γ. But the existence of this recurrence is a surprising result of theoretical interest for our understanding of numbers which are conjecturally not periods, like γ. The aim of this paper is to present an alternative construction to Aptekarev's which will enable us to produce both good rational functional approximations to the function ln(x) + γ for any x > 0 and simultaneous rational approximations to γ and ζ(2) − γ 2 .
Approximations of ln(x) + γ.
Let us fix any complex number z ∈ 14 3 + 8 3 N. Define two sequences (P n (z)) n≥0 , (Q n (z)) n≥0 of rational functions ∈ Q(z) by the Theorem 1. (i) The solutions (P n (z)) n≥0 and (Q n (z)) n≥0 of the recurrence (1.3) are polynomials in z, of degree at most n + 1. Furthermore, n! 2 P n (z) and n! 2 Q n (z) belong to Z [z] .
(ii) For any real number x > 0, there exist two constants q(x) = 0 and s(x) = 0 such that Q n (x) ln(x) + γ − P n (x) ≤ s(x) exp(−3/2x 1/3 n 2/3 + 1/2x 2/3 n 1/3 ) and Q n (x) ∼ q(x) exp(3x 1/3 n 2/3 − x 2/3 n 1/3 )
as n → +∞. Furthermore, for any x > 0, the sequence Q n (x) ln(x) + γ − P n (x) does not vanish for infinitely many integers n.
Remark 1. Our method shows that in fact P n (x)/Q n (x) converges to log(x) + γ for any x ∈ C \ (−∞, 0], with the principal branch for the logarithm. We did not try to obtain the exact speed of convergence but this could be done using the same tools.
It seems likely that it is possible to improve the estimate for the denominator of Q n (z).
Conjecture 1. For any n ≥ 0, we have n!Q n (z) ∈ Z[z].
Theorem 1 implies that for any rational number x = u/v > 0, there exists a constant c(x) = 0 and a sequence of rational numbers (a n (x)/b n (x)) n≥0 such that the integers a n (x), b n (x) satisfy |b n (x)| ∼ c(x)n! 2 v n exp(3x 1/3 n 2/3 − x 2/3 n 1/3 ), ln(x) + γ − a n (x) b n (x) = O exp − 9/2x 1/3 n 2/3 + 3/2x 2/3 n
, which is a good sub-exponential convergence, unfortunately not fast enough to imply the irrationality of ln(x) + γ. Here are the recurrences for x = 1 and x = 2.
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Corollary 1. (i) The recurrence
(1.4) (n + 3) 2 (8n + 11)(8n + 19)U n+3 = (24n 2 + 145n + 215)(8n + 11)U n+2 −(24n 3 +105n 2 +124n+25)(8n+27)U n+1 +(n+2) 2 (8n+19)(8n+27)U n provides two sequences of rational numbers (p n ) n≥0 and (q n ) n≥0 with p 0 = −1, p 1 = 4, p 2 = 77/4 and q 0 = 1, q 1 = 7, q 2 = 65/2 such that (p n /q n ) n≥0 converges to γ.
(ii) The recurrence
provides two sequences of rational numbers (p n ) n≥0 and (q n ) n≥0 with p 0 = −1,
We also quote the following curious result, which is a consequence of the fact that (ln(x) + γ)Q n (x) → +∞ as n → +∞ for any real number x > 0, except
Corollary 2. The only real number
Numerically, it seems that there exists a sequence (α n ) n≥0 of real algebraic numbers such that P n (α n ) = 0 and α n → e −γ . A simple heuristic argument suggests that there exists a sequence (α n ) n≥0 of real algebraic numbers such that P n (α n ) = 0 and
Q n (e −γ ) as n → +∞. Note that the right hand side is bounded by
1.3. Simultaneous approximations of γ and ζ(2) − γ 2 . The results above use the formula γ = −Γ (1), where Γ is the Gamma function. Our approach can in principle be generalised in order to study the number Γ (s) (1) for any integer s ≥ 1. However, the details of the construction rapidly become very complicated and we present here an interesting result for s = 2. We have not been able to find approximations for the number Γ (1) itself but only for the linear combination
Theorem 2.
There exists a linear recurrence of order 6, of the form
whose coefficients are polynomials of degree 25 with integer coefficients, which has three solutions (a 1,n ) n≥0 , (a 2,n ) n≥0 and (b n ) n≥0 satisfying the following properties:
for all n ≥ 0, a 1,n , a 2,n and b n belong to 1 (3n)!(3n + 2)! Z, and we have
As it is already clear, the coefficients of the recurrence are huge and the reader can find them in the Annex, together with the initial values of the sequences (a 1,n ) n≥0 , (a 2,n ) n≥0 and (b n ) n≥0 . Explicit expressions for these sequences can be found in Section 9. The denominator found for a 1,n , a 2,n and b n is probably not optimal. In particular, we propose the following conjecture.
Conjecture 2. For any
Since the sequences Q n (z) in Theorem 1 and b n in Theorem 2 are constructed in a very similar way, Conjectures 1 and 2 suggest the existence of a very general "Denominators Conjecture" behind them. Although proving these conjectures will not be sufficient to prove the irrationality of γ or ζ(2) − γ 2 , they might be worth pursuing to get closer to such results. Moreover, it would be of great interest to find a linear recurrence of order 2 yielding good rational approximations to γ.
The proofs of our theorems are quite involved and we have to split them into several parts. In the next section, we provide an overview of the method, which is simple in spirit.
Overview of the method
There exist many different expressions for Euler's constant and until recently it wasn't clear which one is useful. One such expression is
where Γ denotes the usual Gamma function. More generally, for any n ≥ 0, we have
where
provided the a k 's are rational numbers. Hence, it remains to find a special sequence of polynomials n k=0 a k t k such that the linear form given by (2.2) yields good rational approximations to γ. Aptekarev chose
for reasons related to the construction of simultaneous Padé approximants of type II at z = ∞ to the functions
and two other similar functions without the factor ln(t) in the integrand. Two of the four remainders of these approximants are given by
These integrals are defined a priori only for z ∈ [0, +∞), but they also converge for z = 1. In a certain sense (see [6] for details), this suggests that their sum s n at z = 1, given by
has good approximation properties. By (2.2), we have s n = q n γ − p n for some rational numbers p n , q n and it turns out that (p n ) n≥0 , (q n ) n≥0 and (s n ) n≥0 all satisfy Aptekarev's recurrence (1.1). Our use of (2.2) in Theorem 1 is less obvious but still underlies the construction presented in this paper, which is also based on certain Padé approximants of type II at z = ∞ but for the functions
Note that E 2 (z) is defined at z = 1 but not E 1 (z). Consider the polynomial A n of degree 2n defined by
, which will initially play a similar role to P n above. Without going into details, which will be progressively given in the next sections, we will first find two other sequences of polynomials B n (z) ∈ Q[z] and C n (z) ∈ R[z] of degree at most 2n such that the remainders of these approximants are given by
and
A crucial property is that we can write
The fact that A n (z) and B n (z) occur in both remainder functions enables us to deal with ln(x) + γ for any x > 0 in Theorem 1 rather than just with γ.
To isolate γ when x = 1, it suffices to cancel out E 2 (1) by considering the determinant S n (1) = A n (1)R 2,n+1 (1)−A n+1 (1)R 2,n (1) ∈ Q+Qγ. In such contexts, quantities such as S n (1) do not always have good properties but this is the case here; i.e., S n (1) provides good rational approximations of γ. Furthermore, (S n (1)) n≥0 satisfies the recurrence (1.4). A "higher dimensional" generalisation of these Padé approximants gives Theorem 2.
In this short section, we recall some basic facts about the values of the derivatives of the Gamma function at the point 1. The identity
follows immediately from the classical product expansion of Γ (see [3, p. 3 . We remark that the formula (3.1) is coherent with the folklore principle that if we add γ to the hierarchy of multiple zeta values or periods, then its weight should be set to 1: this is natural because γ is in a certain sense a regularised value of the divergent series ζ (1) 
Proposition 1.
For any integers n ≥ 0 and s ≥ 0, we have
which is a linear form in 1, Γ (1) (1), . . . , Γ (s) (1) with integer coefficients.
In particular, for s = 1, we recover (2.1) and for s = 2, we get
n .
Proof.
We proceed by induction on n ≥ 0. The formula is true for n = 0 with the conventions adopted. Assume it is true for some n and let us prove it for n +1. The functional equation
. Using the induction, we deduce that 
which is obvious.
Euler's E-functions
In this section, we study Euler's functions, whose Taylor coefficients at infinity are related to derivatives of the Gamma function at the point 1. We also present a construction of certain simultaneous Padé approximants to these functions, which will be at the heart of Theorems 1 and 2.
4.1. Asymptotic expansion of Euler's functions. From now on, the argument of a complex number z is such that −π ≤ arg(z) < π, and thus the logarithm is defined with its principal branch.
The construction of our approximations to the numbers ln(x) + γ is based on certain properties of Euler functions E s defined 2 by 
Proof. For any fixed integer n ≥ 0, we have
The first integral is easily computed:
The O depends on n and s. 2 The function E 1 was used by Euler in his famous attempt at summing the divergent series
Hence, it follows that, for any fixed n ≥ 0,
as z → ∞ in a suitable angular sector, where the O depends on n, s. We have thus obtained the asymptotic expansion of E s (z) in Poincaré's sense.
Hence, the asymptotic expansion is Gevrey of order 1, following a standard terminology [15] .
We will need later the fact that E 1 (z) ∈ C(z). This can be proved by showing that the differential equation y (z) + y(z) = 1/z satisfied by E 1 (z) has no solution in C(z): assume that R(z) ∈ C(z) is such a solution and obtain a contradiction using its Laurent series at z = 0.
Multiple orthogonal polynomials of Laguerre
for any integer n ≥ 0. They are of degree n and orthogonal on [0, +∞) with respect to the weight e −t ; i.e., for
We now define a generalisation (A s,n (z)) n≥0 (for any integer s ≥ 1) of Laguerre
In particular, A 1,n (z) = L n (z) and (using induction on s) we find that the degree of A s,n is sn. The main property of these polynomials is the following. 
Proposition 3. For any integer
Proof. By induction on k and s, using repeated integrations by parts. Indeed, let us define the polynomials
and the remainder functions
Then, for any n ≥ 0 and any j = 1, . . . , s, we have
where O(z −n−1 ) means that the asymptotic expansion of R j,s,n (z) at infinity starts at n + 1. This is a consequence of the following proposition, which is more precise and which will be used later.
Proposition 4. For any integers
where by definition,
Proof. We mimic the proof of Proposition 2. For any fixed integer k ≥ 0, we have
It remains to compute the first integral. For this, we remark that
where the change in the order of integration and derivation is justified. By repeated integrations by parts, we get that for any real number v > 0, we have
Hence, it follows that, for any fixed k ≥ 0,
as z → ∞ in a suitable angular sector, where the O depends on j, k, n, s. We have thus obtained the asymptotic expansion of R j,s,n (z) in Poincaré's sense.
Let us conclude this section with a simple but important remark. Using (3.2), we see immediately that there exist polynomials
In particular, B 1,s,n (z) = B 1,s,n (z). 
Some properties of linear recurrences
In this section, we collect some general results on linear recurrences of finite order that will be used at many different steps in the next sections.
5.1. "Determinantal" recurrences. Let us fix an integer d ≥ 1. We define a linear recurrence of order d + 1 by
where the a k,n 's are complex numbers. For reasons that will be clear later, given d
, it is interesting to consider the sequence of determinants
We want to show that (V n ) n≥0 is also a solution of a recurrence of order d + 1 with coefficients that can be made explicit.
Proposition 5.
The sequence (V n ) n≥0 is a solution of the linear recurrence of order d + 1:
, the value of the empty product is set to 1.) Remark 3. In this paper, we will need only the case d = 2 (recurrence of order 3), but the proof is not more difficult in the general case. This case is as follows: the sequence of determinants (V n ) n≥0 associated to U n+3 = p n U n+2 + q n U n+1 + r n U n satisfies the recurrence
Sketch of proof. Let us introduce the determinants
Consider the determinant a 0,n V j,n , where a 0,n is put as a factor of the first column. In the latter, we replace each a 0,n U ,n by
By multilinearity, we expand the resulting determinant with respect to the first column: we end up with a sum of two determinants only, which can be rewritten as
for any n ≥ 0 and j = 1, . . . , d, with the convention that V d+1,n+1 = V 1,n+2 . If we now replace n by n + j − 1 in (5.4), we get the system
from which, after some tedious computations, we can express V 1,n+d+1 as a linear form in V 1,n+d , V 1,n+d−1 , . . . , V 1,n , whose coefficients are exactly the b k,n 's.
We will also need to find explicitly the recurrence satisfied by a determinant formed from two solutions of a recurrence of order 4.
Proposition 6. Consider two solutions
Then, the sequence of determinants (A n B n+1 − A n+1 B n ) n≥0 satisfies a recurrence of order 6:
Remark 4. There are four independent solutions for a recurrence of order 4; hence six different determinants can be constructed on two solutions. It is therefore natural that we get a linear recurrence of order 6.
More generally, given a linear recurrence of order s and an integer t ∈ {1, . . . , s}, there are
, where the (u j,n ) n≥0 are solutions of the recurrence. Propositions 5 and 6 suggest that these determinants satisfy a linear recurrence of order
We want to show that (X n ) n≥0 is a solution of (5.5). Using the recurrence satisfied by (A n ) n≥0 and (B n ) n≥0 , we find that 
for any k ∈ {0, 1, . . . , λ n } where (λ n ) n≥0 is a strictly increasing sequence. Finally, let us define
which is convergent for any n ≥ 0 and any z ∈ L.
Proposition 7. (i) Let us assume that
(ii) Conversely, let us assume that (R n (z)) n≥0 satisfies a recurrence
where N has the same definition as in (i).
Remark 5. When (A n (z)) n≥0 is a hypergeometric sequence in the sense defined by Wilf and Zeilberger [20] , then the theory developed by these authors shows that (A n (z)) n≥0 satisfies a linear recurrence of finite order. It is possible to bound a priori the order but it is usually a very crude bound and computing the coefficients of the recurrence is often impossible by hand. For any given hypergeometric example, Zeilberger's computer programs [22] enable us to compute the recurrence of lowest order (at least in principle). This is what we will do in the following sections. for any z ∈ L and any n ≥ 0. Written differently, this means that
We now remark that, for any k = 0, . . . , d, the function
is a polynomial in t of degree bounded by α k − 1, independently of n. Therefore, by the orthogonality (5.6), we have
for n such that λ n+k ≥ α k , in particular for n ≥ N because (λ n ) n≥0 is strictly increasing. Hence, the right hand side of (5.9) is 0 and the assertion (i) follows.
, which we want to prove is 0. Using that
We are in the same situation as above: each integral is 0 for n such that
z−t ω(t) dt = 0 for any z ∈ L provided n is large enough: we can rewrite this equation as
We now observe that the left hand side belongs to C[z] while the right hand side does not belong to C(z) if K n (z) is not identically 0, by the irrationality hypothesis made on F. Thus, we necessarily have K n (z) = 0 for n ≥ N .
Birkhoff-Trjitzinsky theory.
Many sequences in mathematics satisfy a linear recurrence of finite order. It is often an important problem to bound the growth of the sequence and this can be done using Birkhoff-Trjitzinsky theory [7] of linear recurrence of finite order, which encompasses the widely used Poincaré-Perron theory and which we now briefly describe.
4
Consider a linear recurrence of order σ of the form
with p 0 (n) = 1 and p σ (n) = 0 for all n ≥ 0. These conditions ensure that, given any arbitrary initial values U 0 , U 1 , . . . , U σ−1 , there exists a unique solution (U n ) n≥0 to (5.10). We also assume that the coefficients p k (n) of (5.10) all admit an asymptotic expansion of Poincaré type as n → +∞:
where e k ∈ Z, ω ≥ 1 is an integer independent of k and c 0,k = 0 unless p k (n) ≡ 0. The very difficult question addressed by Birkhoff and Trjitzinsky was to find a description of all possible asymptotic behaviors of the solutions of (5.10) as n → +∞. For this, they introduced the following special class of asymptotic expansions. Consider a formal expansion F (n) of the form (ii) Each such formal solution F j (n) describes the asymptotic behavior of a particular solution (U j,n ) n≥0 of (5.10).
(iii) These special solutions (U j,n ) n≥0 , j = 1, . . . , σ, form a basis over C of the space of solutions of (5.10).
In practice, given a recurrence of the form (5.10), one first tries to construct a formal solution F (n) without logarithmic terms and with q 0 (ρ; n) reduced to its first term; i.e., F (n) is of the form
where α 1 = 0, β = m/ρ for some 0 < m < ρ. Then,
Assuming that F (n) formally satisfies the recurrence (5.10), we have that
The formal substitution in this equation of the asymptotic expansions (5.11) and (5.13) of p k (n) and F (n + k)/F (n) respectively should then hopefully yield enough equations in the unknown data to obtain σ formal solutions. If this simplified approach fails (i.e., we do not get σ different formal solutions), then we have to introduce logarithmic terms in F (n). 5 Many examples obtained using the above strategy are described in [21] .
Study of the Padé approximants in the case s = 2
We now study in detail the case s = 2 of the previous sections. Our goal is to find explicit expressions and the precise asymptotic behavior of the polynomials and remainder functions that constitute the Padé approximants of type II.
Explicit expressions for the polynomials.
To simplify the notation, we denote by A n (z) the Laguerre-type polynomial A 2,n (z). Explicitly, we have
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The polynomials B 1,2,n (z) and B 2,2,n (z) become respectively
and the remainder functions R 1,2,n (z) and R 2,2,n (z) become
We now provide some explicit expressions for A n , B n and C n .
Proposition 9. Let
a k,n = (−1) k k! k j=0 n j n k − j n + j n .
Then we have
The degrees of A n , B n and C n are 2n, 2n − 1 and 2n − 1, respectively. Remarks 6. a) We note that C n (z) = −γB n (z) − D n (z), where
has rational coefficients, as predicted by (4.2). b) We also have a k,n = Similarly,
Finally, we note that a 2n,n is clearly not 0 and it is the coefficient of highest degree 2n for A n and −B n (degree = 2n − 1). Also, (γ − 1)a 2n,n = 0 is the coefficient of highest degree (= 2n − 1) of C n .
6.2.
Linear recurrence in the case s = 2. Any sequence of multiple orthogonal polynomials of hypergeometric origin (and related objects) satisfies a linear recurrence of finite order with polynomial coefficients (in n and z). This was proved by Wilf-Zeilberger in a general setting [20] . However, it can be very difficult to explicitly compute such a recurrence without a computer. 
Proposition 10. The six sequences
(We must assume that z ∈ [0, ∞) in the case of (R 1,n (z)) n≥0 and (R 2,n (z)) n≥0 .)
Proof. We will prove first that (A n (z)) n≥0 satisfies (6.2). These polynomials correspond to the case α 1 = α 2 = 0, β = −1, n 1 = n 2 = n of the sequence of polynomials considered in [5, Sec. 3.2] . It would therefore probably be possible to deduce the recurrence for A n (z) from the pseudo-recurrence given there. Instead, we propose the following "computer assisted" proof. By Cauchy's formula applied twice to the definition (6.1) of A n (z), we have
where C 0 and C 0 denote circles of center 0 and arbitrary radii. The continuous version of Zeilberger's algorithm 6 then shows automatically that the function
satisfies the identity
where P n (u, v) and Q n (u, v) are some complicated but explicit polynomials in the variables u, v, z. Since
by integrating (6.3) over C 0 × C 0 , we see that the sequence (A n (z)) n≥0 is a solution of the recurrence (6.2).
To prove that (R 1,n (z)) n≥0 and (R 2,n (z)) n≥0 satisfy (6.2), at least for n large enough, we apply Proposition (7), (i). The remaining values of n are checked by direct computation. By linearity, we see that (B n (z)) n≥0 , (C n (z)) n≥0 and (D n (z)) n≥0 are also solutions of (6.2). This finishes the proof of the proposition. (6.2) . Using the algorithmic method developed at the end of Section 5.3, it is a simple task to find three formal solutions of (6.2), which turn out to be without logarithmic terms. We omit the details, which are purely computational.
Growth of the polynomial solutions of recurrence
Proposition 11.
For any z ∈ C , the recurrence (6.2) admits three formal solutions whose expansions as n → +∞ are:
Remarks 7. a) If z = 0, then the behavior of the solutions of (6.2) is different. We discard this case.
b) The leading coefficient of (6.2) written in the form (5.10) is
The Birkhoff-Trjitzinsky theory applies provided this coefficient is well-defined and never 0, i.e., z ∈ 
as n → +∞, and a similar result holds for B n (x), C n (x), D n (x), with a suitable constant for each.
Proof. Let U n denote any one of A n , B n , C n or D n . Since (by Proposition 10) (U n (x)) n≥0 is a solution of (6.2), then by Propositions 8 and 11, there exists a real
For x > 0, the first exponential f 1 tends to 0 whereas f 2 , f 3 are both bounded in modulus by n −1 exp(
The result follows.
6.4. Growth of the remainder solutions of recurrence (6.2) . From Proposition 11, we know that for any complex number z ∈ [0, +∞) we can bound the growth of R 1,n (z) and R 2,n (z). However, we are not interested in these two functions separetely but rather in their linear combination R n (z) defined by
The choice of the principle branch for the logarithm ensures that R n is a holomorphic function in C \ (−∞, 0], whereas R 1,n and R 2,n are holomorphic functions in C \ [0, +∞).
Proposition 13.
For any fixed real number x > 0, there exists a constant r(x) = 0 such that
as n → +∞.
Proof. We know that there exist some constants r 1 (x), r 2 (x), r 3 (x) such that
as n → +∞, where the equivalence must be understood in the sense that R n (x) = r 1 (x)u 1 (n, x) + r 2 (x)u 2 (n, x) + r 3 (x)u 3 (n, x), where, for j = 1, 2, 3, u j (n, x) is a special solution of the recurrence which has f j (n, x) as an asymptotic expansion. If r 2 (x) = ±r 3 (x), then a difficulty arises. Indeed, although f 2 (n, x) and f 3 (n, x) both tend to infinity with n, it is not immediate that this is also the case of f 2 (n, x) ± f 3 (n, x): a sine or a cosine enters the game, giving a quantity that can be small (making it difficult to see which term is preponderant). Since R n (x) is real for x > 0, we necessarily have r 2 (x) = r 3 (x) and we must solve this difficulty. Using the expressions in Proposition 11, we have
We want to show that In view of (6.5), it is enough to find infinitely many n such that (6.7) cos
for example. To simplify, let α = x 1/3 > 0 and n = m 3 , with m ∈ N. A classical theorem of Weyl says that for any polynomial P (X) ∈ R[X] with at least one irrational coefficient other than the constant, the sequence (P (n)) n≥0 is uniformly distributed mod 1. This theorem can be applied to P (X) =
the equidistribution of {P (m)} in [0, 1] implies the density of cos
. This is more than what is needed to prove that (6.7) holds for infinitely many n. Since along the subsequence of integers for which (6.7) holds, f 2 (n, x) and
From (6.8), we now deduce that the property "r 2 (x) = r 3 (x) = 0" is a consequence of "R n (x) → 0 as n → +∞". To show this fact, we first prove the following alternative expression for R n (x), which is interesting in itself.
Lemma 1.
For any x > 0, we have
Remark 8. By analytic continuation, (6.9) holds for any x ∈ C \ (−∞, 0].
To prove Lemma 1, we use the easily proved identity
that holds for any t > 0, any x ∈ C \ (−∞, 0] and with the principal branch of the log. Let L n (t) = e t (t n e −t ) (n) /n!. We have A n (t) = e t (t n e −t L n (t)) (n) /n! and thus
where we have integrated n times by parts with respect to t and where the interchange of integrals is justified by Fubini's theorem. We now make the change of variable u → v defined by u = x/(tv) and obtain that
where we have again integrated n times by parts with respect to t. This is exactly (6.9).
We are now ready to prove that R n (x) → 0 as n → +∞ for any x > 0. Indeed, in this case, we trivially have 0 ≤
x for u, v ≥ 0 and thus (for n ≥ 1 to ensure convergence) we have
It remains to prove that r 1 (x) = 0: if it were equal to 0, we would have R n (x) = 0 for any n ≥ 0. This is not the case because the integral representation (6.9) of R n (x) shows that R n (x) > 0 for all n ≥ 0 and x > 0. This finishes the proof of Proposition 13.
Remark 9. The integral (6.9) can be used to bound precisely R n (x).
7. Construction of rational approximations to ln(x) + γ For simplicity, set E(z) = log(z)E 1 (z) − E 2 (z) and G(z) = log(z) + γ. We have shown that
7.1. Linear recurrence for ln(x) + γ.
Proposition 14. We define the three determinants
.
(ii) The sequences (P n (z)) n≥0 , (Q n (z)) n≥0 , (S n (z)) n≥0 all satisfy the recurrence
Proof. (i) We have
(ii) We apply Proposition 5 in the case d = 2, i.e., Eq. (5.3), to the recurrence (6.2). This works for n large enough. The remaining values of n are checked by a direct computation.
We have thus constructed rational "approximations" to ln(x) + γ. Of course, we have yet to prove that they are really approximations and we will study their properties in the rest of this section. (1.3) . Using the Birkhoff-Trjitzinsky theory as we did in the previous section, it is not hard to analyse the recurrence (1.3) . Again, we skip the details of the computations.
Asymptotic behavior of the solutions of recurrence
Proposition 15.
For any z ∈ C , the recurrence (6.2) admits three formal solutions whose leading terms as n → +∞ are:
Our next task is to use this proposition to find the asymptotic behavior of the sequences (P n (x)) n≥0 , (Q n (x)) n≥0 and (S n (x)) n≥0 for x > 0.
Proposition 16.
For any real number x > 0, there exists two constants q(x) = 0 and s(x) = 0 such that
as n → +∞. Furthermore, for any x > 0, S n (x) = 0 for infinitely many integers n.
Proof. Let us fix a real number x > 0. We define two other sequences:
Both are solutions of the recurrence (6.2) and a computation similar to the one in the proof of Proposition 14 shows that
We will first prove that (Q n (x)) n≥0 , (P n (x)) n≥0 and (M n (x)) n≥0 form a basis over C of the space of solutions of (6.2). It is enough to prove that, for any fixed x, if n is large enough (with respect to x), then the determinant
is not zero. Using the recurrence (1.3) in the last column of ∆ n (x), we find that, for any n ≥ 1,
and hence (after iteration and simplification)
The determinant ∆ 0 (x) is easily computed using, amongst others,
which is not equal to 0 for n > (3x − 14)/8. (This expression is not a surprise because ∆ n (x) is a polynomial in x.) We observe that, for x > 0, Proposition 15 shows that the only formal solution of the recurrence (1.3) that tends to infinity is equivalent to f 1 (n, x). Therefore, since the sequences Q n (x), P n (x) and M n (x) are independent, at least one of them must be equivalent to f 1 (n, x) (up to some non-zero constant), in accordance with the Birkhoff-Trjitzinsky theory recalled in Proposition 8.
Let us assume that Q n (x) is not equivalent to c 0 (x) f 1 (n, x): it must then tend to 0 as n → +∞. By Propositions 12 and 13, the determinants S n (x) and T n (x) are trivially bounded in modulus by
, for some constants c 1 (x) > 0, c 2 (x) > 0 and n large enough; hence both determinants tend to 0 as n → +∞. Since P n (x) = Q n (x)(ln(x) + γ) − S n (x) and M n (x) = Q n (x)E(x) − T n (x), we deduce that P n (x) and M n (x) also both tend to 0 as n → +∞. However, this contradicts what we said in the previous paragraph. Thus the asymptotic behavior of Q n (x) is given by f 1 (n, x). If x = e −γ , then ln(x) + γ = 0 and therefore the equation
Moreover, the function (ln(x) − ln(t))/(x − t) is positive for any t, x > 0; thus
It remains to find an asymptotic bound for S n (x). We know that there exist three constants s 1 (x), s 2 (x), s 3 (x) such that
where one must be careful with the meaning of the equivalence symbol when s 2 (x) = s 3 (x) for the same reasons as those in the proof of Proposition 13. We proved above that S n (x) → 0; thus necessarily s 1 (x) = 0. Furthermore, S n (x) is real for x real; thus s 2 (x) = s 3 (x) and therefore we only obtain an upper bound: Of course, this is more precise than the claim made in the statement of Proposition 16. The value of the cosine can be small because its image is dense in [−1, 1] as n → +∞ as shown during the proof of Proposition 13, where the same cosine occurred. It is therefore difficult to say something better than that. Furthermore, we cannot have S n (x) = 0 for all n x 1. Indeed, since S n (x) = Q n (x) ln(x) + γ − P n (x) and ln(x) + γ is an irrational function, we would deduce that Q n (x) and P n (x) are identically 0 for n x 1 and therefore that ∆ n (x) = 0 for n x 1. But we have shown above that this not the case. Hence, in particular, s 2 (x) = 0.
7.3. Coefficients and degrees of P n (z) and Q n (z). In this section, we prove the following result.
Proposition 17.
The coefficients of the polynomials (n + 1)! 2 P n (z) and (n + 1)! 2 Q n (z) are integers and their degrees are at most n + 1.
Proof. We define a sequence v n (z) = (n + 1)! 2 u n (z), where u n denotes either P n or Q n . The sequence (v n (z)) n≥0 satisfies the recurrence
where δ n (z) = (3z − 8n − 22)(3z − 8n − 30) and
We will prove by induction on n ≥ 0 that v n (z) ∈ Z[z]. This is true for n = 0, 1, 2. Assume this is true up to n + 2. The above recurrence then shows that
. We now distinguish three cases.
• n ≡ 0 mod 3. By Gauss' lemma, there exists r = a/b ∈ Q, with (a, b) = 1, such that rv n+3 (z) ∈ Z[z] and
. This latter property implies that a divides 3 because 8n + 14 and 8n + 22 don't belong to the same congruence class mod 3. But the condition n ≡ 0 mod 3 implies that a = ±1 because (8n + 14)(8n + 22
• n ≡ 2 mod 3. We have (3z
[z] and n + 1 ≡ 0 mod 3; hence the right hand side of (7.2) belongs to 3Z [z] . Dividing both sides of (7.2) by 3, we obtain that (z−d)(3z−8n−22)v n+3 (z) ∈ Z[z]. As above, Gauss' lemma implies that v n+3 (z) ∈ Z[z] because 8n + 22 ≡ 0 mod 3.
• n ≡ 1 mod 3. We have (3z − 8n − 22) = 3(z − f ) with f ∈ Z. But again α(z) ∈ 3Z[z] and n + 2 ≡ 0 mod 3; hence the right hand side of (7.2) belongs to 3Z [z] . Dividing both sides of (7.2) by 3, we obtain that
Thus in all cases, v n+3 (z) ∈ Z[z]. This concludes the proof of the induction. For the value of the degree, we again proceed by induction on n. The inital values v 0 , v 1 , v 2 are of the expected degrees. Let us assume that the degree of v k is ≤ k + 1 for any k ≤ n + 2. Then the degree of the right hand side of the above recurrence is clearly at most n + 6. The left hand side (3z − 8n − 14)(3z − 8n − 22)v n+3 (z) thus has degree at most n + 6 and this finishes the induction.
7.4. Proof of Theorem 1. We only have to collect together the various bits contained in the propositions proved above, with one change: to get the recurrence (1.3) in the introduction from the recurrence (7.1) above, we change U n to (n + 1)
2 U n and accordingly P n , Q n above to (n + 1) 2 P n , (n + 1) 2 Q n . Some squares then disappear and the recurrence (7.1) takes the simpler form (1.3). With those notational changes, Point (i) of Theorem 1 is the content of Proposition 17 proved in the previous section and point (ii) is a consequence of Propositions 14 and 16.
Study of the Padé approximants in the case s = 3
The method used in the previous sections can be generalised to provide (presumably) good rational approximations to Γ (1). However, as we shall see, this is not as simple as it seems.
8.1. Linear recurrence in the case s = 3. It would be possible to proceed as in Section 6.2 where we first got the recurrence satisfied by the sequence (A 2,n (z)) n≥0 and then showed that it was also satisfied by (R j,2,n (z)) n≥0 , j = 1, 2. However, this requires using the package MultInt for a triple integral representation of A 3,n (z), which is not guaranteed to work in a reasonable time. Another approach is to carefully apply Zeilberger's program Ekhad [20] to the asymptotic expansion of R 1,3,n (z) obtained in Proposition 4, which has the advantage of being a single sum.
Proposition 18.
The seven sequences (A 3,n (z)) n≥0 , (B j,3,n (z)) n≥0 and (R j,3,n (z)) n≥0 , j = 1, 2, 3, are solutions of a fourth order recurrence of the form
where α n , β n , γ n , δ n , κ n are polynomials in Z[n, z] of degree 8 in n and of respective degrees 3, 6, 5, 4 and 3 in z.
Remark 10. The explicit expressions for the polynomial coefficients of the recurrence are huge and we prefer to give them only in the case z = 1 (see Section 8.2). They can be found automatically by the procedure we will use during the proof.
, which is the term in the asymptotic expansion of R 1,3,n (z). We note that F (n, k) = 0 for k = 1, . . . , n. The program Ekhad shows quickly that
for some polynomials α n (z), β n (z), γ n (z), δ n (z), κ n (z) which are as described by the proposition and where G(n, k, z) ∈ Q(n, k, z) is of degree −k + 5 in z, is defined for any z ∈ C , n ≥ 0, k ≥ 0 and has (k − n − 1) as a factor. This last fact means that G(n, n + 1, z) = 0 for any n ≥ 0. We now sum both sides of (8.2) from k = n + 1 to k = N and get
Since N can be arbitrarily large, the above equation means that the asymptotic expansion at z = ∞ of
is the zero expansion. In other words, for any k ≥ 0, we have z k J n (z) = O(1) as z → +∞. But by Proposition 4, we have To show that (A 3,n (z)) n≥0 satisfy the same recurrence, at least for n large enough, we apply Proposition 7, (ii): this can be done because E 1 (z) ∈ C(z) (see the end of Section 4.1). Then, we apply (i) of the same proposition to prove that (R j,3,n (z)) n≥0 for j = 2, 3 are also solutions. Finally, it follows that (B j,3,n (z)) n≥0 , j = 1, 2, 3 are solutions by linearity, at least for n large enough. That the recurrence still holds for the small values of n can be checked by direct computation. as n → +∞. It is more difficult to find the exact behavior of a given sequence. We will prove below that |R 2,3,n (1)| and |R 3,3,n (1)| are bounded. Hence, they are automatically bounded by a constant times |g 2 (n)| = n −3/2 exp − 2 √ 2n 3/4 + (5 √ 2/16)n 1/4 . An exact analogue of Lemma 1 for |R 2,3,n (1)| and/or |R 3,3,n (1)| is unknown, but we will use the same kind of idea. We start with the following identity: for any integer s ≥ 1, we have The degree of the polynomials is at most 3n and the four polynomials belong to
These explicit expressions can be used to compute the approximations we will construct in the next sections and which are at the heart of Theorem 2. The last assertion, which is probably not optimal, is a consequence of the fact that (3n)!b k,n , j!H j and j!H [2] j are integers.
9.1. Determinants related to ζ(2) − γ 2 and γ. It is possible to cancel out E 3 (1) and Γ (1) by considering determinants based on R 3,3,n (1), R 3,3,n+1 (1) and R 3,3,n+2 (1). More precisely, the method used in the proof of Proposition 14 shows that (We removed the argument z = 1 for better readability.) Unfortunately, this sequence of linear forms in QΓ (1) + Q does not seem to tend to 0 as n → +∞ and, more surprisingly, the quotient of the two determinants on the right hand side does not seem to tend to Γ (1).
Another possibility is to work with R 2,3,n (1) and R 2,3,n (1) simultaneously. This idea leads to the construction of 2 × 2 determinants that will enable us to approximate Γ (1) − 2Γ (1) 2 . For simplicity, we set R n = R 3,3,n (1) − 2Γ (1)R 2,3,n (1), 
is such that ρ n = q n Γ (1)−2Γ (1) 2 − p n ∈ Q(ζ(2) − γ 2 ) + Q, where q n = B n A n B n+1 A n+1
Similarly, set ρ n = R 2,3,n A n R 2,3,n+1 A n+1
. Then, from (9.2), we deduce that ρ n = q n Γ (1) + p n = −q n γ + p n ∈ Qγ + Q, where p n = C n A n C n+1 A n+1 .
Hence, we have constructed simultaneous rational "approximations" to the numbers ζ(2)−γ 2 and γ with common denominator q n . It remains to prove that they are really approximations and to find the rate of convergence towards these numbers.
